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Abstract 

Let G be an odd order nilpotent group with class 2 and e denotes the 
exponent of its commutator subgroup. Let e = Pi^P2^ . . where pi's 
are odd primes and r^'s are non- negative integers. Then there are at least 
ri + r2 + . . . + Vs non- isomorphic nilpotent groups with class two and the 
order of each of the group is equal to the order of G. 
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1 Introduction and Statement of Main Result 

A very basic problem in the finite group theory is to calculate the number 
of non-isomorphic groups of a given order. One of the reduced version of this 
problem is for given a group with some group theoretic property, is there another 
non-isomorphic group (of equal order) with same property? In this paper, we 
construct a string of non-isomorphic groups from a given odd order nilpotent 
group with class 2 (by a nilpotent group with class 2, we mean that the group 
is non-abelian and the commutator subgroup of the group is contained in the 
center of the group). 

Let (G, .) be a group. Fix n e N, the set of natural number. Define a binary 
operation o" on G as follows; for x, ?/ G G, x o" y := y~"xy"+^. Then equation 
of the type X o" a = 6, where X is unknown and a,b £ G has unique solution. 
But if (G, .) is nilpotent group with class 2, then o" is associative, that is (G, o") 
is a group. Moreover, it can be observed that if G is nilpotent group with class 
2, then (G, o") is a nilpotent group with class at most 2 and cc o" ?/ = [x, y]"'xy 
(using commutator identities). 

Definition 1.1. Given a nilpotent group (G, .) with class at most 2, we define 
another group (5„(G), o") as follows: Sn{G) = G, for x,y £ S'„(G), x o" y ■= 
[x, y]^xy. Further, we define a sequence {5'^(G)}i by induction. Let ^^(G) = G. 
If Si{G) is defined, then S'+^{G) = S'„(S';(G)). 

Definition 1.2. Let (G, .) be a group of order r. An ordered r— tuple 
(rii, 712, . . . , rir) in N'' such that 1 = ni < n2 < . . . < ?T.r is called order structure 
of G if elements of G can be put in a sequence {xi, 2:2, . . . , x^} of length r such 
that the order of 2;^ in G is n^, 1 < i < r. 

For example, the order structure of Z2 x Z4 is {1,2,2,2,4,4,4,4}. By the 
classification of finite abelian groups, it is clear that two abelian groups are 
isomorphic if and only if they have same order structure. 



It is clear from the Definition 11.1 1 that the order of an element x € G is same 
as the order of x G Sl^{G) for any i and n. Thus the order structure of Sl^{G) 
is same as that of G. Also if G is abehan, then (S'„(G), o") — [G, .). 

Let r be an odd integer greater than 1. Let r = p\^p^2 ■ ■ - P^s' i where Pj's are 
odd primes such that pi < p2 < ■ ■ ■ < Ps and Vj > 0. Let denotes a complete 
set of non-isomorphic nilpotent groups with class at most 2 and order r. We say 
two elements of X'^ are related if both have same order structure. This relation 
is an equivalence relation. Let X[, , . . . , X^. be distinct equivalence classes of 
the set X"^ under this relation. Let G be a nilpotent group with class at most 2 
and order r. Identify G with its unique isomorphic copy in X^ . We may assume 
that G e X[. 

Since G is nilpotent, G = P1P2 ■ ■ ■ Ps where Pj is Sylow pj-subgroup of G, 
1 < j < s- Take nj — ^^^^ for all 1 < j < s. Suppose that the exponent of the 
commutator subgroup of Pj is p*^ . We define the string of groups associated 
with G to be a sequence Fi{G) of length J2'jZi tj + 1 in X[ as Fi{G) = 
/ Si^{P,)P2P3...Ps 0<i<ti \ 

S'n\ {Pl)S'nl'' (^2)^3 ---Ps h<l<h+t2 

For simplicity, we call the string of groups associated with G, the string of G. 
We call an element G S X^ maximal if there does not exist H G) € XI 
such that Fj (H) = G and call G £ Xf minimal element if G is abelian. 

Note that X^ can have more than one maximal elements. For example, 
take r = p^, where p is an odd prime, then the following is a complete set of 
non-isomorphic nilpotent groups with class 2 of order r (see [1] p. 145]). 

(i) A= {x,y\xP\yP,y-^xy = x'+p"), 

(ii) B = {x, y, z\xP , yP, zP, z^^yz ~ yxP , y^^xy — x, z~'^xz = x), 

(iii) G = {x,y\xP ,yP ,y''^xy = x^+p), 

(iv) D — {x, y, z\xP , yP , zP , z^^xz — x^^p , x^^yx — y, z~^yz = y), 

(v) E = {x, y, z\xP , yP, zP, z~^xz = xy, y^^xy = x, z^'^yz = y), 

(vi) F = {x,y, z,a,\xP,yP, zP,aP,a~^za — zx,a^^ya = y,a^^xa = x^z^^yz = 
y, z~^xz = x,y~^xy — x). 

Then we may take X'' {A,B,G,D,E,F,'Lp3 x Zp,Zp2 x Zp x Zp,Zp2 x 
'Lpi^'Lp X Zp X Zp X Zp,Zp4}, where Z„ denotes the cyclic group of order n. 
Equivalence classes of X^ with respect to order structure relation are X[ = 
{A,Zp3 X Zp}, X^ = {B,D,E,Zp2 X Zp X Zp}, XJ = {G,Zp2 x Zp2} X^ = 
{F, "Zp X Zp X Zp X Zp} and Xg = {Zpi}. In Xj, the commutator subgroups of 
B, D and E have exponent p, so the length of the string of each of these groups 
will be 2. Thus B,D and E are three maximal elements in Xj. The following 
is the main result of the paper. 

Theorem 1.3. (a) No two terms of the string of a group G are isomorphic. 

(b) The last term of the string of a group G is an abelian group. 

(c) The last terms of string of any two members of X^ are same. 
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It is an interesting problem to determine all maximal elements in each 
for all i because by knowing the maximal elements in for each i, one knows 
all elements of X^. 



2 Basic Lemmas 

The results of this section has been proved using the commutator identities of a 
nilpotent group with class 2. These identities are stated in the Lemma [2Tl We 
use [x, y] for x~^y~^xy, where x,y € G and Z{G) for the centre of the group G. 

Lemma 2.1. Let G be a nilpotent group with class 2. Let x,y,z d G. Then 

(i) [xy,z] = [x,z][y,z], 

(ii) [x^^y] — [x^y^\ — [x^y]^ , where k is an integer. 

Proof. The first identity is easy to verify. The second can be proved by induction 
on k and using (i). □ 



Lemma 2.2. Let G be a nilpotent group with class 2 and n E N. Then 5*^(6*) 

til 
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Ss{i)iG), where s{i) — ^^"■^^'> — - 



Proof. The proof is by induction on i. For i = 1, s{i) = n, so identity is true. 
Suppose that identity is true for i — ni. We will show that it is true for i ~ rn+l. 
Now 5™+i(G) = Sn{S^{G)) = 5„(5,(„)(G)). Take x,y ^ 5„(5,(™)(G)). Then 
xo"y — {x~^ o''^™) y~^ o'*^™) a;o'*(™) y)" o'^f™) x o''^™) y = [x, y](2s(m) + i)n+s(m)2,y_ 
Now 2s(m)n + n + s{m) = s{m){2n + I) + n = (^n+i)"-! + I) + n = 
(2n+i) 1 _ ^ j^-j rpj^jg proves the lemma. □ 
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Lemma 2.3. Let G be a nilpotent group with class two and \G\ = p^ where p 
is an odd prime. Then for n = we have 

(i) X e Z{Sl^{G)) xP' e Z{G). 

(n) X e ZiSl+\G)) ^ xPe Z{Sl{G)). 

(Hi) Z{Sl^(G)) is a normal subgroup of Sl^^{G). 

Proof {i) Let x G Z{Sl,{G)) and y G 5;(G). By Lemmad^l S'JG) ^ 5^(,)(G), 
so 

X o^^f*) y — y X 

<S=^ X o^W y o^W x-^ o'^W = 1 

^^^y^2s(i)+i ^ I (LemmaEU) 

^ [x.yY = 1 (forally g5;(G)) 

[xP , y] =1 (Lemma 12. If w)) 

^ xP^ G Z{G). 

This proves the (i). Second part follows from (i). 
{Hi) From (ii) it is clear that Z{Sl^{G)) is a subset of ^^^^(G). By Lemma 
[2:21 S';(G) = Ss{^){G). Let x,y & Z{S'„{G)). Then x o*(*) y = y o«(') x. This 
implies [a;, = [y, x^'^^'^yx, that is [x, j/]^'''-*-'^"'" = 1. Now s{i + 1) = 
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(2n+yi-i ^ (2„+i)-(2n+i)-i ^ ^2s(i) + l)n + Now since x,ye S]^+\G) 
and5;+i(G) = 5,(,+i)(G),so 

= [a;,y]"Wa;?; (for = 1) 

— x o'*('') y. 

This implies Z{Si{G)) is asubgroup of 5;+i(G). By (ii), Z(5,^(G)) C Z(S';+i(G)). 
Thus Z{S]^{G)) is a normal subgroup of Sl+^{G). □ 



3 Proof of the Theorem 

Proof of the Theorem ll.Sl It is sufficient to prove the result for p-group, where 
p is an odd prime. Let p be an odd prime and G be a nilpotent group of order 
r = p^ with class 2. Let the exponent of the commutator subgroup of G be p*. 
Assume that G e X[ (see Section 1). Identify F,{G) with S'V^(G),0 < i < t. 

Take n = ^^i. 

(a) To prove it we will show that centers of two distinct terms of the string 
of G are not equal. Fix i £ {0, . . . ,t - 1}. By Lemma O (iii) , Z{Si{G)) is 
a normal subgroup of 5;+i(G)._ Let H = 8]+^ {G) / Z {Sl,{G)) . Take VtiiH) = 
{{x e H\x^ = 1 e -ff}), where 1 denotes the identity element of H. But since 
H is nilpotent, ^i{H) ^ {!}. This implies that there exists x G S'^+^(G) such 
that X ^ Z{Sl{G)) and x^ £ Z(S',^(G)). Thus Z{Sl,{G)) C Z(5;+i(G)) for all 
< i < i - 1. That is, Z(G) C Z(S'„(G)) C Z(S'2(G)) C ... C Z(5,^(G)). 
Hence distinct terms of the string of G are non-isomorphic groups. 

(b) The last term of the string of G is Si{G). By LemmaO Si(P) = Ss(t)[G) 
where s{t) = (Z!i±il!:ii. But I^.so s{t) = Now let x, y £ 5,^(P). 
Then 

X o'*(*) y = [x, yY'^'^^xy 

r 1^ 
= F,yJ 2 a;?/ 

= F,yJP 2 xy 

= 2— (for is the exponent of the commutator) 

= [y,x]'^xyx-'^y-'^yx (for [x, y]"^ = [y, x]) 

r i£-tir -1 -11 
= [y,x\ ^2 [x \y '\yx 

= [y,x]^'^~[y,x]~^yx (Lemma[2TjM)) 

= [y, a;J 2 yx 
= y o''(*) X. 
So, S'^(-P) is an abehan group. 

(c) Let G,H £ XI . Since the last term of the string is an abelian group and 
for a given order structure there is unique abelian group, so last term of G and 
H are same. □ 

The following is an easy consequence of the above Theorem. 
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Corollary 3.1. Let (G, .) he an odd order nilpotent group with class two such 
that the exponent of the commutator subgroup is p-^p^^ ■ ■ -Ps' ■ Then there are 
at least ri + r2 + . . . + rg non-isomorphic nilpotent groups with class two and 
the order structure of each of these groups is same as that of G. 

Proof. The length of the string of G is 1 + 7'i + r2 + . . . + Ts and each term of 
string has same order structure. By Theorem 11.31 the terms of the string are 
non-isomorphic groups and last term of the string is abelian. Thus the string of 
G except last term gives us the required non-isomorphic groups. □ 
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